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We study the growth of perturbations in a uniformly collapsing cloud of self-gravitating Brownian
particles. This problem shares analogies with the formation of large-scale structures in a universe
experiencing a “big-crunch” or with the formation of stars in a molecular cloud experiencing grav-
itational collapse. Starting from the barotropic Smoluchowski-Poisson system, we derive a new
equation describing the evolution of the density contrast in the comoving (collapsing) frame. This
equation can serve as a prototype to study the process of self-organization in complex media with
structureless initial conditions. We solve this equation analytically in the linear regime and com-
pare the results with those obtained by using the “Jeans swindle” in a static medium. The stability
criteria, as well as the laws for the time evolution of the perturbations, are different. The Jeans
criterion is expressed in terms of a critical wavelength λJ while our criterion is expressed in terms
of a critical polytropic index γ4/3. In a static background, the system is stable for λ < λJ and un-
stable for λ > λJ . In a collapsing cloud, the system is stable for γ > γ4/3 and unstable for γ < γ4/3.
If γ = γ4/3, it is stable for λ < λJ and unstable for λ > λJ . We also study the fragmentation
process in the nonlinear regime. We determine the growth of the skewness, the long-wavelength
tail of the power spectrum and find a self-similar solution to the nonlinear equations valid for large
times. Finally, we consider dissipative self-gravitating Bose-Einstein condensates with short-range
interactions and show that, in a strong friction limit, the dissipative Gross-Pitaevskii-Poisson system
is equivalent to the quantum barotropic Smoluchowski-Poisson system. This yields a new type of
nonlinear mean field Fokker-Planck equations including quantum effects.
I. INTRODUCTION
This paper continues our theoretical investigations (see
[1] for a short review) of the barotropic Smoluchowski-
Poisson (BSP) system (1)-(2). For an isothermal equa-
tion of state p = ρkBT/m, these equations describe
the mean field dynamics of a dissipative gas of self-
gravitating Brownian particles in the overdamped limit
ξ → +∞ where inertial effects are neglected. For the sake
of generality, we shall consider an arbitrary barotropic
equation of state p = p(ρ) so as to take into account
anomalous diffusion or short-range interactions. This
type of equations appears in different contexts (with dif-
ferent interpretations) such as planetary formation in
the solar nebula [2], chemotaxis of biological popula-
tions [3], colloids at a fluid interface driven by attractive
capillary interactions [4] and nanoscience [5, 6]. They
also provide a simplified model of gravitational dynam-
ics which displays many features common with ordinary
self-gravitating systems such as collapse and evaporation
[1]. An interest of this model is that many analytical re-
sults can be derived since the inertia of the particles is
neglected. For these reasons, the theoretical study of the
BSP system is of considerable importance.
When studying equations of that type, it is natural
to investigate first the dynamical stability of a spatially
homogeneous distribution. However, in the gravitational
case, we are rapidly confronted to the well-known prob-
lem that a spatially homogeneous distribution is not a
steady state of these equations. To circumvent this dif-
ficulty, one possibility is to advocate the “Jeans swin-
dle” as in similar problems of astrophysics based on the
barotropic Euler-Poisson system [7–9]. This procedure
allows one to perform the stability analysis in a simple
manner. Although this first-step study certainly sheds
light on the problem, it is however not satisfactory and
must be improved. Another possibility is to study the
dynamical stability of spatially inhomogeneous steady
states. This has been done in [10, 11] for isothermal
spheres, in [12, 13] for polytropic spheres and in [14] for
an arbitrary equation of state by extending the methods
developed in astrophysics [15–30]. Finally, a third pos-
sibility is to construct time-dependent solutions of the
BSP system. Solutions describing the collapse, the post-
collapse and the evaporation of the system have been con-
structed in [10–14, 31–37] by looking for self-similar, or
close to self-similar, solutions. A fully analytical solution
of the BSP system has been obtained in [38] in the cold
case where the pressure can be neglected. [Similar studies
have been previously done in astrophysics based on the
barotropic Euler-Poisson system [39–45]. The results are,
however, different because the barotropic Euler-Poisson
system takes into account the inertia of the particles but
neglects dissipation while the BSP system is obtained in
a strong friction limit in which the inertia of the particles
can be neglected. The barotropic Euler-Poisson system
and the BSP system correspond therefore to opposite lim-
its (weak and strong dissipation).]
Among these solutions, there is a very simple one,
namely the collapse of a homogeneous sphere. It is found
[38] that the sphere undergoes a finite time singularity,
resulting in a vanishing radius and an infinite density
in a finite time. The question that naturally emerges
is whether this time-dependent solution is stable with
respect to small perturbations and, if not, how the per-
turbations grow. This amounts to considering the de-
2velopment of density fluctuations in a time-dependent
collapsing cloud. In a sense, this is the right formulation
of the Jeans problem without “swindle”. We may note
the analogy with the formation of stars in astrophysics
through the collapse and the fragmentation of a molec-
ular cloud [39, 46, 47]. While the cloud collapses under
its own gravity, it also develops numbers of irregulari-
ties that grow and finally form stars. We may also note
the analogy with the formation of large-scale structures
in cosmology [48] except that the universe is expanding
[87] while, in our problem, the cloud is contracting. In
a sense, this corresponds to a universe experiencing a
“big-crunch”. To perform our study, we shall use many
methods introduced in cosmology [49, 50]. There will be,
however, two main differences: (i) our system is contract-
ing instead of expanding; (ii) inertial effects are neglected
in our model. The second point is a huge simplification
with respect to cosmology that allows us to solve the lin-
ear stability problem fully analytically. We can therefore
easily follow the growth of perturbations in the linear
regime for an arbitrary equation of state. Furthermore,
we derive an exact system of nonlinear equations [see Eqs.
(34)-(35)] describing the formation of clusters on longer
times. These equations are simpler than those considered
in cosmology and could serve as a prototype to study the
process of self-organization in complex media with struc-
tureless initial conditions.
The paper is organized as follows. In the first part of
the paper (Secs. II-IV), we consider the classical BSP
system (1)-(2). In Sec. II, we study the dynamical sta-
bility of an infinite homogeneous distribution in a static
frame by invoking the “Jeans swindle”. We find that the
system is stable if and only if (iff) the wavelength of the
perturbation is smaller than the Jeans length λJ . The
perturbations decay exponentially rapidly if λ < λJ and
grow exponentially rapidly if λ > λJ . In Sec. III, we
derive a new set of equations [see Eqs. (34), (35) and
(22)] describing the evolution of the density contrast in
a homogeneous collapsing cloud. We study the develop-
ment of perturbations in the linear regime and obtain an
analytical solution for the time evolution of the Fourier
modes of the density contrast. For a polytropic equa-
tion of state, we find that the evolution depends on the
value of the polytropic index γ. There exists a criti-
cal index γ4/3 ≡ 2(d − 1)/d, already encountered in our
previous studies [12–14] and well-known in astrophysics
[15, 21], such that the system is stable for γ > γ4/3 and
unstable for γ < γ4/3. The effect of the Jeans length
λJ (t), which is a function of time, manifests itself only in
the initial stage and disappears as time goes on. In the
unstable case, the perturbation is always growing when
λ > λJ (0) while it starts decaying, before finally growing,
when λ < λJ (0). We find that the perturbation grows
algebraically for large times. This is in sharp contrast
with the exponential growth predicted by the “naive‘”
Jeans analysis in a static medium. In the stable case,
the perturbation is always decaying if λ < λJ (0) while it
starts growing, before finally decaying, when λ > λJ (0).
For γ = γ4/3, the Jeans length is constant. The pertur-
bation grows for λ > λJ and decays for λ < λJ . This is
similar to the result of the Jeans analysis except that the
evolution is algebraic instead of exponential. In Sec. IV,
we study the nonlinear regime and derive several analyti-
cal results. In particular, we determine the growth of the
skewness and the long-wavelength tail of the power spec-
trum. We also find an exact self-similar solution to the
nonlinear equations valid for large times. In the second
part of the paper (Sec. V), we include quantum effects
in our model. Specifically, we consider a self-gravitating
Bose-Einstein condensate (BEC) in the presence of dissi-
pative effects. Self-gravitating BECs have been proposed
recently as a model of dark matter in cosmology [51].
Starting from a dissipative form of the Gross-Pitaevskii-
Poisson system and using the Madelung transformation,
we derive the quantum damped barotropic Euler-Poisson
system. Considering a strong friction limit, we obtain
the quantum barotropic Smoluchowski-Poisson system
(120)-(121). This corresponds to the classical barotropic
Smoluchowski-Poisson system (1)-(2) with an additional
term called the Bohm quantum potential. We generalize
our previous analysis in this more general context.
II. SMOLUCHOWSKI-POISSON SYSTEM IN A
STATIC FRAME
A. Barotropic Smoluchowski-Poisson system
We consider the barotropic Smoluchowski-Poisson
(BSP) system
ξ
∂ρ
∂t
= ∇ · (∇p+ ρ∇Φ), (1)
∆Φ = SdGρ, (2)
where ρ(r, t) is the spatial density of the particles, Φ(r, t)
is the gravitational potential, p(r, t) is the pressure, ξ
is the friction coefficient and Sd is the surface of a unit
sphere in d dimensions. Basically, this equation describes
the competition between pressure effects and gravity. To
close the system, we assume that the pressure is related to
the density by an arbitrary barotropic equation of state
p = p(ρ). The case of (ordinary) Brownian particles cor-
responds to an isothermal equation of state
p = ρ
kBT
m
, (3)
where the constant T is the temperature of the bath and
m the mass of the particles (kB is the Boltzmann con-
stant). Another very useful, and popular, equation of
state is the polytropic equation of state
p = Kργ , γ = 1 +
1
n
, (4)
where K is the polytropic constant and γ, or n, is the
polytropic index. The isothermal case is recovered for
3γ = 1, i.e. n → ∞, and K = kBT/m. The velocity
of sound cs is defined by the relation c
2
s = p
′(ρ). For an
isothermal equation of state c2s = kBT/m is constant and
for a polytropic equation of state c2s = Kγρ
γ−1 depends
on the density.
The Smoluchowski-Poisson system with an isothermal
equation of state (3), corresponding to self-gravitating
Brownian particles, has been derived in [52]. It is valid
in a mean field approximation that becomes exact in a
proper thermodynamic limit N → +∞ such that the
normalized temperature η = βGMm/Rd−2 is unity (R
denotes the size of the system and β = 1/kBT the inverse
temperature). The barotropic Smolchowski-Poisson sys-
tem with an arbitrary equation of state p(ρ) has been
derived in [53, 54] from a notion of generalized thermody-
namics and in [55] from the dynamic density functional
theory (DDFT). In the two approaches, the nonlinear
pressure arises from short-range interactions between the
particles but the physical arguments leading to Eq. (1)
are different.
B. Jeans-type instability
A steady state of the BSP system (1)-(2) satisfies the
relation
∇p+ ρ∇Φ = 0, (5)
which can be viewed as a condition of hydrostatic bal-
ance. Since p = p(ρ), this relation can be integrated
to yield ρ = ρ(Φ). Using the Poisson equation (2), we
obtain the differential equation
∆Φ = SdGρ(Φ), (6)
which has to be solved with appropriate boundary con-
ditions. We note that self-gravitating Brownian parti-
cles described by the barotropic Smoluchowski-Poisson
system have the same equilibrium states as barotropic
stars described by the barotropic Euler-Poisson system
[9, 16]. However, their dynamics is different since the mo-
tion of Brownian particles is overdamped. The barotropic
Smoluchowski equation (1) can be written
ξ
∂ρ
∂t
= ∇ ·
(
ρ∇δF
δρ
)
, (7)
where F is the free energy functional
F =
1
2
∫
ρΦ dr+
∫
ρ
∫ ρ p(ρ1)
ρ21
dρ1 dr. (8)
The BSP system satisfies the H-theorem
F˙ =
∫
δF
δρ
∂ρ
∂t
dr = −1
ξ
∫
ρ
(
∇δF
δρ
)2
dr ≤ 0. (9)
Therefore, the BSP system relaxes towards the state that
minimizes the free energy at fixed mass. This corre-
sponds to the condition of hydrostatic equilibrium (5).
In this sense, the BSP system is consistent with the sta-
tistical equilibrium state in the canonical ensemble. By
contrast, the functional (8) is conserved by the barotropic
Euler-Poisson system so that there is no relaxation to-
wards equilibrium in that case [9].
A natural problem concerns the dynamical stability of
a steady state of the BSP system. We shall restrict our-
selves to linear dynamical stability. To that purpose, we
consider a small perturbation δρ(r, t) around a steady
state ρ(r) of Eqs. (1)-(2) and study its dynamical evo-
lution. In the general case, the linearized BSP system
is
ξ
∂δρ
∂t
= ∇ · [∇(c2s(ρ)δρ) + δρ∇Φ + ρ∇δΦ], (10)
∆δΦ = SdGδρ. (11)
The dynamical stability of box-confined isothermal and
polytropic configurations [88] has been studied in [10–
13]. For example, for the isothermal equation of state
in d = 3, it is found that the system is stable if
η ≡ βGMm/R < ηc ≃ 2.52 and if the density con-
trast R ≡ ρ(0)/ρ(R) < Rc ≃ 32.1; it is unstable
if one of these two conditions is not met [28]. Simi-
larly, for a polytropic equation of state in d = 3, it is
found that incomplete polytropes with γ < 6/5 (n > 5)
are stable iff their inverse polytropic temperature η ≡
M [4πG/K(n+1)]n/(n−1)/4πR(n−3)/(n−1) and their den-
sity contrast R ≡ ρ(0)/ρ(R) are sufficiently small (the
exact values of ηc(n) and Rc(n) depend on the index
n) [29]. The dynamical stability of a general equation
of state p(ρ) for self-confined configurations has been
studied in [14] by adapting the methods of astrophysics
[15, 21]. For a polytropic equation of state in d dimen-
sions, it is found that a spatially inhomogeneous self-
confined configuration is stable iff γ ≥ γ4/3 ≡ 2(d− 1)/d.
When the steady state is unstable, it usually collapses
or evaporates depending whether diffusion (pressure) or
attraction (gravity) prevails [1].
Let us now consider the case of a spatially homoge-
neous distribution. In that case, Eqs. (10)-(11) reduce
to
ξ
∂δρ
∂t
= c2s∆δρ+ SdGρδρ, (12)
where c2s = c
2
s(ρ) is constant. Considering for simplicity
an infinite system [89] and decomposing the perturba-
tions in plane waves of the form ei(k·r−ωt), we obtain the
dispersion relation
iξω = c2sk
2 − SdGρ. (13)
This relation, like the original Smoluchowski equation
(1), clearly shows the competition between the attractive
gravitational force and the repulsive pressure (assuming
c2s > 0). There exists a critical wavenumber
kJ =
(
SdGρ
c2s
)1/2
, (14)
4corresponding to the Jeans wavenumber in astrophysics
[7–9]. However, contrary to the astrophysical problem
based on the barotropic Euler-Poisson system, the evo-
lution of the perturbations is different in our case. This
is because the Smoluchowski-Poisson system is an over-
damped model where inertial effects are neglected. Here,
the perturbations evolve like eγt with an exponential rate
γ = (SdGρ − c2sk2)/ξ. For k < kJ , the system is un-
stable and the perturbations grow with a growth rate
γ > 0; for k > kJ the system is stable and the pertur-
bations decay with a damping rate γ < 0. Note that the
growth rate is maximum for k = 0 (corresponding to an
infinite wavelength λ = 2π/k → +∞) and its value is
γmax = SdGρ/ξ. In conclusion, Jeans’ stability criterion
is k > kJ (i.e. λ < λJ ).
Although this stability analysis, like the original Jeans
study in astrophysics [7, 8], is simple and sheds light
on the problem, it however encounters a serious prob-
lem. Indeed, if ρ is uniform (in a finite or infinite do-
main), the pressure gradient in Eq. (5) vanishes implying
that the gravitational field must also vanish (∇Φ = 0).
Then, the Poisson equation (6) cannot be satisfied for
ρ > 0. This implies that there is no steady state of
Eqs. (5)-(6) with uniform density. Therefore, when us-
ing the perturbation equation (12), we make what is tra-
ditionally called the “Jeans swindle” [9]. There are dif-
ferent ways to circumvent this difficulty. (i) The first is
to restrict ourselves to spatially inhomogeneous steady
states that are solution of Eqs. (5)-(6). (ii) The sec-
ond is to consider a uniformly rotating system. In that
case, if we introduce an effective gravitational poten-
tial Φeff = Φ − (Ω × r)2/2 in the rotating frame, the
Poisson equation is replaced by ∆Φeff = 4πGρ − 2Ω2
and there exists spatially homogeneous distributions with
ρ = Ω2/2πG. (iii) The third possibility is to modify the
Poisson equation. This is justified for some physical sys-
tems. For example, in the context of chemotaxis [3], the
Poisson equation is replaced by a generalized field equa-
tion of the form χ∂tΦ = ∆Φ− k2RΦ−SdGρ where k−1R is
a screening length. This leads to the general Keller-Segel
model. In that case, a spatially homogeneous distribution
is a steady state of the equations with Φ = −SdGρ/k2R.
In some approximations, the generalized field equation
χ∂tΦ = ∆Φ − k2RΦ − SdGρ is replaced by the screened
Poisson equation ∆Φ− k2RΦ = SdGρ or by the modified
Poisson equation ∆Φ = SdG(ρ−ρ) where ρ is the average
density. Again, a spatially homogeneous distribution sat-
isfying Φ = −SdGρ/k2R or ρ = ρ respectively is a steady
state of these equations. Therefore, there is no “Jeans
swindle” in the chemotactic problem [56–58]. In grav-
ity models, we could introduce a cosmological constant
Λ and replace the Poisson equation by ∆Φ = SdGρ− Λ.
In that case, the particular homogeneous density distri-
bution ρ = Λ/SdG is a steady state of the equations [90].
However, this justification does not apply to a uniform
mass of gas of different density. Furthermore, this homo-
geneous distribution is unstable as shown in Appendix
B. (iv) Kiessling [61] has provided a vindication of the
Jeans swindle. He argues that, when considering an infi-
nite and homogeneous distribution of matter, the Poisson
equation must be modified so as to correctly define the
gravitational force. He proposes to use a regularization
of the form ∆Φ − k2RΦ = 4πGρ where kR is an inverse
screening length that ultimately tends to zero (kR → 0),
or a regularization of the form ∆Φ = 4πG(ρ − ρ) where
ρ is the mean density. In his point of view, the modifi-
cation of the Poisson equation is not a swindle but just
the right way to make the problem mathematically rigor-
ous and correctly define the gravitational force. However,
this argument applies only to an infinite system. For a
finite system, a spatially homogeneous distribution is not
a steady state of the BSP equations.
Remark: a form of Jeans criterion can be recov-
ered for box-confined configurations. For example, for
finite isothermal spheres in d = 3, introducing the
mean density ρ = 3M/4πR3, the stability criterion
η = βGMm/R ≤ ηc ≃ 2.52 [28] can be rewritten
R < RJ ≡ (3ηc/4πGρmβ)1/2 where RJ is similar to
the Jeans length λJ = 2π(kBT/4πGρm)
1/2 correspond-
ing to Eq. (14). Similarly, for finite polytropic spheres
with n > 5, the stability criterion η ≡ M [4πG/K(n +
1)]n/(n−1)/4πR(n−3)/(n−1) < ηc(n) [29] can be rewrit-
ten R < RJ ≡ [K(n + 1)φ(n)/4πGnρ(n−1)/n]1/2 with
φ(n) = n[3ηc(n)]
(n−1)/n where RJ is similar to the Jeans
length λJ = 2π[K(n+ 1)/4πGnρ
(n−1)/n]1/2 correspond-
ing to Eq. (14).
C. Homogeneous collapsing cloud
It is clear that a finite spatially homogeneous solution
of the BSP system will collapse under its own gravity.
Similarly, a finite spatially homogeneous solution of the
Euler-Poisson system is not steady and will evolve in
time. However, since the Euler-Poisson system is an in-
ertial model, depending on its energy, the system will
either expand (positive energy) or collapse (negative en-
ergy). This is at the basis of the Newtonian cosmological
models of McCrea & Milne [64] where the universe is
viewed as a homogeneous self-gravitating sphere of ra-
dius a(t) [91]. In cosmology, we can have open (always
expanding) or closed (expanding then contracting) mod-
els of the universe with an intermediate case provided
by the Einstein-de Sitter (EdS) universe [49, 65]. In our
problem, since the velocity of the particles is directly pro-
portional to the gravitational force (overdamped limit), a
homogeneous cloud can only collapse under its own grav-
ity. In the analogy with cosmology, this corresponds to
a “big-crunch”. This is also similar to the gravitational
collapse of a molecular cloud in relation to the process of
stars formation [39, 46, 47].
It is easy to construct a time-dependent spatially ho-
mogeneous solution of the BSP system. For a spatially
homogeneous distribution of the form
ρ(r, t) = ρb(t), (15)
5the BSP system (1)-(2) reduces to
dρb
dt
=
SdG
ξ
ρ2b . (16)
The pressure p does not appear in the theory of the ho-
mogeneous model since it enters Eq. (1) only through
its gradient. Therefore, we recover the equation of a cold
system (p = 0) considered in [38]. If we consider the
spherically symmetric collapse of a uniform sphere of ra-
dius a(t), the conservation of mass imposes
M =
1
d
Sdρba
d. (17)
Solving Eq. (16) and using Eq. (17), we find that
the density and the radius of a collapsing homogeneous
sphere evolve according to
ρb(t) =
ρb(0)
1− tt∗
, (18)
a(t) = a(0)
(
1− t
t∗
)1/d
, (19)
where
t∗ =
ξ
SdGρb(0)
=
ξa(0)d
dGM
. (20)
This solution leads to a finite time collapse. At t = t∗, all
the mass is in a Dirac peak at r = 0 (big crunch). This
solution is the counterpart of the homogeneous solution
found by Hunter [39], Mestel [40] and Penston [41] in the
inertial case.
We can also obtain these equations from the La-
grangian motion of a fluid particle as in [38] by using the
fact that the Smoluchowski equation (1) with ∇p = 0
can be interpreted as a continuity equation with a veloc-
ity field
u ≡ dr
dt
= −1
ξ
∇Φ. (21)
Applying this equation at the border of the sphere, and
using the Gauss theorem, we obtain
ξ
da
dt
= −GM
ad−1
= −1
d
SdGρba, (22)
which after integration returns Eq. (19). In the analogy
with cosmology, Eqs. (17) and (22) are the counterparts
of the Friedmann equations when pressure effects are ne-
glected. We note, however, that the Friedmann equations
are second order in time while Eq. (22) is first order.
III. SMOLUCHOWSKI-POISSON SYSTEM IN A
COLLAPSING FRAME
A. The fundamental equations
We shall now study the instability of the collapsing ho-
mogeneous sphere and the development of irregularities.
This process of fragmentation, driven by gravity, ulti-
mately leads to the formation of localized dense clusters
similar to galaxies in the universe or stars in a molecular
cloud. Like in cosmology, we shall work in the comoving
frame (here the collapsing frame). To that purpose, we
set
r = a(t)x, (23)
where a(t) is the scale factor (in our problem it corre-
sponds to the radius of the sphere). Let us first write
the Poisson equation (2) in the collapsing frame. For the
background distribution (15), the Gauss theorem reads
dΦb
dr
=
GM(r)
rd−1
=
1
d
SdGρbr = −ξ a˙
a
r, (24)
whereM(r) is the mass enclosed within the sphere of ra-
dius r and we have used Eq. (22) to obtain the last equal-
ity. The background gravitational potential is therefore
Φb = −1
2
ξ
a˙
a
r2 = −1
2
ξa˙ax2. (25)
In terms of the new potential φ = Φ− Φb, i.e.
φ = Φ+
1
2
ξa˙ax2, (26)
the Poisson equation (2) becomes
∆φ = SdGa
2(ρ− ρb). (27)
In this expression, the Laplacian is defined with respect
to the variable x and we have used Eq. (22) to obtain
the second term on the r.h.s.
We now write the barotropic Smoluchowski equation
in the collapsing frame. We first note that(
∂
∂t
)
r
ρ(r/a(t), t) =
∂ρ
∂t
− a˙
a
x · ∇ρ. (28)
Therefore, the barotropic Smoluchowski equation (1) be-
comes
∂ρ
∂t
− a˙
a
x · ∇ρ = 1
ξa2
∇ · (∇p+ ρ∇Φ), (29)
where the derivatives are taken with respect to x. Intro-
ducing the new potential (26), we obtain after simplifi-
cation
∂ρ
∂t
+ d
a˙
a
ρ =
1
ξa2
∇ · (∇p+ ρ∇φ). (30)
Like in cosmology, it is convenient to write the density
in the form
ρ = ρb(t) [1 + δ(x, t)] , (31)
where ρb ∝ 1/ad according to Eq. (17) and δ(x, t) is the
density contrast [49]. Substituting Eq. (31) in Eq. (30),
6we obtain the barotropic Smoluchowski equation in the
collapsing frame
ρb
∂δ
∂t
=
1
ξa2
∇ · (∇p+ ρb(1 + δ)∇φ). (32)
Since p = p(ρ), this can be written
∂δ
∂t
=
1
ξa2
∇ · (c2s∇δ + (1 + δ)∇φ), (33)
where c2s = p
′(ρ) = p′(ρb(1 + δ)) is the square of the
velocity of sound in the evolving system. It generically
depends on position and time (it is constant only for an
isothermal equation of state). Finally, substituting Eq.
(31) in the Poisson equation (27), we obtain our final
system of equations
ξ
∂δ
∂t
=
1
a2
∇ · (c2s∇δ + (1 + δ)∇φ), (34)
∆φ = SdGρbδa
2, (35)
where ρb(t) and a(t) are given by Eqs. (18) and (19). If
we measure the evolution in terms of a instead of t, we
can rewrite Eq. (34) in the form
∂δ
∂a
= − d
SdGρba3
∇ · (c2s∇δ + (1 + δ)∇φ), (36)
where we have used Eq. (22). For an isothermal equation
of state, Eq. (34) becomes
ξ
∂δ
∂t
=
1
a2
(
kBT
m
∆δ + SdGρbδ(1 + δ)a
2 +∇δ · ∇φ
)
,
(37)
where we have used the Poisson equation (35) to get the
second term on the r.h.s. For a cold system cs = 0, we
get
ξ
∂δ
∂t
= SdGρbδ(1 + δ) +
1
a2
∇δ · ∇φ. (38)
Equations (34)-(35) could form a prototypical model to
study the formation and the growth of structures in com-
plex media with structureless initial condition. As we
shall see, they lead to a process of fragmentation and
self-organization. Furthermore, they are simpler to study
than the equations used in cosmology [49] since there
is no inertia in our model. Indeed, Eqs. (34)-(35) are
parabolic while the equations used in cosmology are hy-
perbolic. We therefore expect to obtain simpler, hope-
fully analytical, results like in the study of the BSP sys-
tem (1)-(2).
B. Linearized equations
Of course, δ = φ = 0 is a particular solution of
Eqs. (34)-(35) corresponding to the pure background
flow (15). We shall now study the dynamical stability of
this solution. If we consider small perturbations δ ≪ 1,
φ≪ 1 around that state, we obtain the linearized equa-
tion
ξ
∂δ
∂t
=
c2s
a2
∆δ + SdGρbδ, (39)
where c2s = p
′(ρb) is the square of the velocity of sound in
the background flow. It depends only on time. Equation
(39) is the counterpart of the equation derived by Bonnor
[48] in cosmology. Expanding the solutions of Eq. (39)
in Fourier modes of the form δ(x, t) = δk(t)e
ik·x, we find
that
ξδ˙ +
(
c2sk
2
a2
− SdGρb
)
δ = 0, (40)
where, for convenience, we have noted δ for δk. From
this equation, we can define a time-dependent Jeans
wavenumber in the comoving frame
kJ =
(
SdGρba
2
c2s
)1/2
. (41)
Note that the proper wavenumber obtained by writing
δ ∝ eik∗·r is k∗J =
(
SdGρb/c
2
s
)1/2
. The evolution of
kJ(t) depends on the equation of state. For an isothermal
equation of state for which c2s = kBT/m, we can write
kJ = κJa
−(d−2)/2 where κJ = (SdGρba
dm/kBT )
1/2 is a
constant according to Eq. (17). The Jeans length λJ =
2π/kJ behaves like a
(d−2)/2. For d > 2 (resp. d < 2), it
decreases (resp. increases) with time so that the system
becomes unstable at smaller and smaller (resp. larger
and larger) scales as the cloud collapses. For d = 2, the
Jeans length is constant: kJ = κJ . For a polytropic equa-
tion of state for which c2s = Kγρ
γ−1
b , we can write kJ =
κJa
(dγ−2(d−1))/2 where κJ = [SdG(ρba
d)2−γ/Kγ]1/2 is
constant according to Eq. (17). The Jeans length be-
haves like λJ ∝ a(2(d−1)−dγ)/2. For γ < γ4/3 ≡ 2(d−1)/d,
the Jeans length decreases with time and, for γ > γ4/3,
it increases with time. For γ = γ4/3, the Jeans length is
constant: kJ = κJ . The evolution of the proper Jeans
length λ∗J is different but the evolution of the comoving
Jeans length λJ is better suited to our problem.
Remark: our analysis exhibits a critical index γ4/3 ≡
2(d − 1)/d, the same as the one determining the dy-
namical stability of spatially inhomogeneous polytropic
spheres [12–14] (see also [15, 21] in astrophysics). It is in-
teresting to note that this critical index does not appear
when the Jeans problem is (incorrectly) formulated in a
static homogeneous background (see Sec. II B) [92] while
it appears when the Jeans problem is properly formu-
lated in a collapsing background. This will have impor-
tant consequences in the stability problem (see below).
C. Solution of the equation for the density contrast
The evolution of the perturbations is more complicated
to analyze in a collapsing homogeneous medium than in
7a static homogeneous medium (and turns out to be very
different). An interest of the present model is that the
equation (40) for the density contrast in the linear regime
can be solved analytically for any equation of state while
the corresponding equation in cosmology can be solved
analytically only in particular cases (this is because it is a
second order differential equation in time while Eq. (40)
is a first order differential equation) [49]. Measuring the
evolution in terms of a instead of t and using Eq. (22),
we can rewrite Eq. (40) in the form
dδ
da
− d
a
(
c2sk
2
SdGρba2
− 1
)
δ = 0. (42)
Its general solution is
δ(a) ∝ 1
ad
e
dk2
SdG
∫ a c2s(a′)
ρb(a
′)a′2
da′
. (43)
For a cold gas cs = 0 in which the pressure is zero, Eq.
(42) reduces to
dδ
da
+
d
a
δ = 0, (44)
and its solution is
δ ∝ a−d ∝ (1− t/t∗)−1. (45)
In that case, the homogeneous cloud is unstable at all
scales and we can write in full generality δ(x, a) =
D(x)/ad or δ(x, t) = δ(x, 0)(1−t/t∗)−1. We note that the
growth of the perturbation is algebraic while the static
Jeans study predicts an exponential growth with a rate
γ = SdGρ/ξ (see Sec. II B). This is a very important dif-
ference. Assuming now a polytropic equation of state and
introducing the notations of Sec. III B, we can rewrite
Eq. (42) in the form
dδ
da
− d
a
(
k2
κ2Ja
dγ−2(d−1)
− 1
)
δ = 0. (46)
If γ 6= γ4/3 (i.e. n 6= n3), the solution of this equation
is
δ(a) ∝ 1
ad
e
dk2a2(d−1)−dγ
κ2
J
(2(d−1)−dγ) . (47)
This includes the isothermal equation of state (γ = 1)
with d 6= 2 as a particular case
δ(a) ∝ 1
ad
e
dk2ad−2
(d−2)κ2
J . (48)
For short times, writing a = a0(1 − ǫ) with ǫ ≪ 1, we
obtain
δ(a)
δ(a0)
≃ 1 + d
(
1− k
2
kJ (0)2
)
ǫ. (49)
This equation clearly shows the initial effect of the Jeans
wavelength. Indeed, the perturbation starts to grow
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FIG. 1: Evolution of the perturbation δ(a) for γ > 4/3 (d = 3,
a0 = 1 and δ0 = 1). We have taken γ = 2 which corre-
sponds to a BEC with quartic self-interactions in the TF ap-
proximation (see Sec. VC). The system is asymptotically
stable. For k < kJ(0), the perturbation grows before de-
caying. The maximum occurs at a = (k/kJ )
2/(3γ−4) and its
value δmax ∝ k−6/(3γ−4) is maximum for small k (large wave-
lengths).
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FIG. 2: Evolution of the perturbation δ(a) for γ < 4/3
(d = 3, a0 = 1 and δ0 = 1). We have taken γ = 1
which corresponds to a classical self-gravitating Brownian gas
(isothermal distribution). The system is asymptotically un-
stable. For k > kJ (0), the perturbation decays before grow-
ing. The minimum occurs at a = (k/kJ )
−2/(4−3γ) and its
value δmin ∝ k6/(4−3γ) is minimum for large k (small wave-
lengths).
when k < kJ(0) and starts to decay when k > kJ (0).
This result, which is independent on the value of γ, is
similar to the one obtained from the static Jeans study
(see Sec. II B). Indeed, for short times, the system does
not “see” that the background is contracting. By con-
trast, for large times, the effect of the Jeans scale disap-
pears and the evolution of the system is only controlled
by the value of γ. For γ > γ4/3, δ(a) → 0 very rapidly
as a → 0. The system becomes asymptotically stable to
all wavelengths. For γ < γ4/3, δ(a) ∝ a−d → +∞ as
a → 0. The system becomes asymptotically unstable to
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FIG. 3: Evolution of the perturbation δ(a) for γ = 4/3. The
system is stable for k > kJ and unstable for k < kJ . We have
taken a0 = δ0 = 1.
all wavelengths and behaves like in a cold gas. There-
fore, the system is asymptotically stable for γ > γ4/3 and
asymptotically unstable for γ < γ4/3. This stability cri-
terion is very different from the Jeans stability criterion
in a static background (see Sec. II B) where the value
of the index γ does not play any crucial role. It is, on
the other hand, compatible with the stability criterion of
self-confined inhomogeneous polytropic spheres [14].
If γ = γ4/3 (i.e. n = n3), the solution of Eq. (46) is
δ(a) ∝ ad(k2/κ2J−1). (50)
This includes the isothermal equation of state (γ = 1)
with d = 2 as a particular case. We see that the Jeans
scale kJ = κJ now plays a crucial role at all times. For
k < κJ , the perturbation increases in time and the sys-
tem is unstable (for k ≪ κJ , the perturbation grows like
in a cold gas). For k > κJ , the perturbation decreases
in time and the system is stable. These results are sim-
ilar to those obtained in the static Jeans study except
that the growth of the perturbation is algebraic instead
of being exponential. For the critical index γ = γ4/3, the
system is stable for k > kJ and unstable for k < kJ .
Some curves representing the evolution of the density
contrast δ(a) in the different cases described above are
represented in Figs. 1-3 for illustration.
Remark 1: for γ > γ4/3, the system is asymptotically
stable. However, for k < kJ(0), the perturbations start
growing before decaying. It can happen that their growth
generates nonlinear effects that may trigger new instabil-
ities. Therefore, their full stability is not granted. It is
likely that the nonlinear evolution leads to a process of
fragmentation marked by the formation of dense local-
ized clusters in hydrostatic equilibrium (virialized struc-
tures). These structures correspond to complete poly-
tropic spheres that are dynamically stable since γ > γ4/3
(see Sec. II B).
Remark 2: it can be relevant to also treat the case
where c2s < 0 (corresponding to κ
2
J < 0). In certain
cases, an imaginary velocity of sound arises from a neg-
ative pressure due to attractive short-range interactions
(see Sec. VC). In that case, we find that the perturba-
tions δ(a) always grow. Therefore, a negative value of c2s
can enhance the gravitational instability and make the
system very unstable.
IV. NONLINEAR GRAVITATIONAL
CLUSTERING
In this section, using an analogy with cosmology, we
provide analytical results valid in the nonlinear regime.
A. Second order perturbation theory for δρ/ρb:
skewness
At T = 0, it is easy to compute δρ/ρb = δ(x, t) in sec-
ond order perturbation theory and determine the growth
of the skewness due to nonlinear gravitational clustering.
This is a classical calculation in cosmology [49] that we
shall adapt to the present situation. For a cold over-
damped gas, the equations of the problem are
ξ
∂δ
∂t
= SdGρbδ(1 + δ) +
1
a2
∇δ · ∇φ, (51)
∆φ = SdGρbδa
2. (52)
It is convenient to measure the evolution in terms of a
instead of t. Using Eq. (22), we obtain
− a
d
∂δ
∂a
= δ + δ2 +∇δ · ∇χ, (53)
∆χ = δ, χ =
φ
SdGρba2
. (54)
In the linear approximation, the density contrast and the
gravitational potential are given by
δ0(x, a) =
D(x)
ad
, χ0(x, a) =
C(x)
ad
, (55)
with ∆C = D. To estimate the deviation to the linear
regime, we write
δ(x, a) = δ0(x, a)[1 + ǫ(x, a)], (56)
with δ0 ≪ 1 and ǫ ≪ 1. Substituting Eq. (56) in Eq.
(53), we obtain at leading order
− a
d
∂ǫ
∂a
= δ0 +
∇δ0
δ0
· ∇χ0. (57)
Using the expressions of δ0 and χ0 given in Eq. (55), the
foregoing equation can be rewritten
∂ǫ
∂a
= − d
ad+1
(
D +
∇D
D
· ∇C
)
. (58)
9Integrating over a, we obtain
ǫ =
1
ad
(
D +
∇D
D
· ∇C
)
= δ0 +
∇δ0
δ0
· ∇χ0. (59)
Therefore, the expression of the density contrast in sec-
ond order perturbation theory is
δ = δ0 + δ
2
0 +∇δ0 · ∇χ0. (60)
This equation shows that, at this order, the behavior of
the system is non-local since the density contrast in x
depends on the values of δ0 in x
′ through the function
χ0 that is solution of the Poisson equation ∆χ0 = δ0.
An interesting application of the previous result con-
cerns the growth of the skewness of the distribution
δ(x, t). We assume that the initial distribution δi(x) is a
random Gaussian process with zero mean and autocorre-
lation function ξ(x). Therefore 〈δi〉 = 0 and 〈δ2i 〉 = ξ(0).
In the linear regime, the process remains Gaussian and
the autocorrelation increases like ξ(x, a) ∝ 1/a2d. In the
nonlinear regime, the relation 〈δ〉 = 0 must be preserved
because of mass conservation. This can be checked ex-
plicitly at second order from Eq. (60). Indeed,
〈δ〉 = 〈δ0〉+ 〈δ20〉+ 〈∇δ0 · ∇χ0〉 = 〈δ20〉 − 〈δ20〉 = 0, (61)
where we have used an integration by parts, and the Pois-
son equation (54), to get the second equality. The inter-
esting moment is the skewness 〈δ3〉 since the initial dis-
tribution (Gaussian) has zero skewness. From Eqs. (56)
and (59), we obtain at lowest order
〈δ3〉 = 〈δ30(1 + 3ǫ)〉 = 3〈δ30ǫ〉 = 3〈δ40〉+ 3〈δ20∇δ0 · ∇χ0〉.
(62)
This expression can be simplified as follows
〈δ3〉 = 3〈δ40〉+ 〈∇δ30 · ∇χ0〉 = 3〈δ40〉 − 〈δ40〉 = 2〈δ40〉. (63)
For a Gaussian distribution, the Kurtosis is equal to 3
i.e. 〈δ40〉 = 3ξ(0)2. Therefore, the skewness of the density
fluctuations is
〈δ3〉 = 6ξ(0)2, (64)
where, to lowest order, the variance is 〈δ2〉 = ξ(0). This
leads to our final result
〈δ3〉
〈δ2〉2 = 6. (65)
B. An exact integral equation in Fourier space
It is somewhat easier to analyze the nonlinear evolution
of the system in Fourier space rather than in direct space.
We shall therefore rewrite the exact equations (34)-(35)
for the density contrast in Fourier space. We follow a
method similar to the one developed in cosmology [49,
50].
If we restrict ourselves to ideal self-gravitating Brown-
ian particles described by an isothermal equation of state
(3), the fundamental equations of the problem are
ξ
∂δ
∂t
=
1
a2
∇ ·
[
kBT
m
∇δ + (1 + δ)∇φ
]
, (66)
∆φ = SdGρbδa
2. (67)
Let us decompose the density contrast and the gravita-
tional potential in Fourier modes
δ(x, t) =
∫
δk(t)e
ik·x dk
(2π)d
, (68)
φ(x, t) =
∫
φk(t)e
ik·x dk
(2π)d
. (69)
The Poisson equation (67) implies
δk = − k
2φk
SdGρba2
= −k
2ad−2φk
SdGρbad
, (70)
where we recall that ρba
d = dM/Sd is constant. On the
other hand, substituting Eqs. (68) and (69) in Eq. (66),
and using Eq. (70), we obtain after simple calculations
ξδ˙k = −kBT
ma2
k2δk + SdGρbδk
+SdGρb
∫
δk′δk−k′
k · k′
k′2
dk′
(2π)d
. (71)
Symmetrizing the last term, we finally get
ξδ˙k = −kBT
ma2
k2δk + SdGρbδk
+
SdGρb
2
∫
δk′δk−k′
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
. (72)
Using Eq. (70), we can obtain an equation for the Fourier
components of the gravitational potential. After simple
calculations and re-arrangement of terms, it can be writ-
ten
ξφ˙k + 2(d− 1)ξ a˙
a
φk = −kBT
ma2
k2φk − 1
2a2
×
∫
φ 1
2k+p
φ 1
2k−p
[(
k
2
)2
+ p2 − 2
(
k · p
k
)2]
dp
(2π)d
,
(73)
where we have defined p = k′ − k/2. Measuring the
evolution in terms of a instead of t, and using Eq. (22),
we obtain the equivalent equations
a
d
dδk
da
=
(
kBTk
2
SdGρbma2
− 1
)
δk
−1
2
∫
δk′δk−k′
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
, (74)
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and
a
dφk
da
+ 2(d− 1)φk = kBTa
d−2
GMm
k2φk +
ad−2
2GM
×
∫
φ 1
2k+p
φ 1
2k−p
[(
k
2
)2
+ p2 − 2
(
k · p
k
)2]
dp
(2π)d
.
(75)
We stress that these equations are exact and closed
while the equivalent equations in cosmology [49, 50] are
not closed. These equations, however, like the original
Smoluchowski-Poisson system (1)-(2), rely on a mean-
field approximation. More exact (but less useful) equa-
tions, which do not make the meanfield approximation,
are derived in Appendix C for T = 0.
Like in cosmology, it is possible to derive interesting
results from these integral equations in Fourier space. We
shall mention in particular the k4 tail and the self-similar
solution.
1. Inverse cascade: the k4 tail
We consider the case of a cold overdamped gas (T =
0). In the linear regime, the density contrast and the
gravitational potential are given by
δ(L)(x, a) =
D(x)
ad
, φ(L)(x, a) =
SdGρba
dQ(x)
a2(d−1)
, (76)
where Q is solution of the Poisson equation
∆Q = D, Qk = −Dk
k2
. (77)
Let us suppose that the initial power spectrum for the
density has very little power at large scales so that
Pδ(k) ∝ kn with n > 4 for small k. In the linear
regime, the power spectrum evolves like Pδ(k) ∝ kn/a2d
so that its shape in k-space is not modified and is al-
ways subdominant to k4. However, when nonlinear ef-
fects come into play, a “k4 tail” develops for k → 0 (see
below) and the contribution of the large-scale structures
finally dominate the power spectrum. This result was
first found in cosmology [49, 50] and can be interpreted as
a sort of “inverse cascade” like in two-dimensional turbu-
lence. In 2D turbulence, the inverse cascade is associated
with the formation of large-scale vortices. Similarly, in
the present problem, it is associated with the formation
of virialized clusters (in cosmology, these clusters corre-
spond to galaxies and dark matter halos). It may be
noted that the equations of 2D turbulence for the coarse-
grained vorticity field [83, 84] are relatively similar to the
Smoluchowski-Poisson system. This remark can reinforce
the analogy between self-gravitating (Brownian) systems
and two-dimensional turbulence [85].
To see the emergence of the k4 tail in nonlinear grav-
itational clustering, we write δ = δ(L) + δ(2) + ... where
δ(1) = δ(L) is the density contrast in the linear theory
and δ(2) is the next order correction. To second order,
we get from Eq. (74) with T = 0 the equation
a
d
dδ
(2)
k
da
+ δ
(2)
k
=
−1
2
∫
δ
(L)
k′ δ
(L)
k−k′
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
. (78)
Using Eq. (76), it can be rewritten
a
d
dδ
(2)
k
da
+ δ
(2)
k =
− 1
2a2d
∫
Dk′Dk−k′
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
. (79)
The solution to this equation is the sum of the solution
of the homogeneous part (which increases like 1/ad) and
a particular solution (which increases like 1/a2d). We
shall only keep the particular solution which dominates
for large times. Writing δk = Ck/a
2d, determining the
constant Ck from Eq. (79), and reintroducing the origi-
nal variables, we obtain the solution
δ
(2)
k =
1
2
∫
δ
(L)
k′ δ
(L)
k−k′
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
.(80)
For k → 0, we get
δ
(2)
k≃0 ∼
1
2
k2
∫ |δ(L)k′ |2
k′2
dk′
(2π)d
∝ k
2
a2d
. (81)
This implies that the power spectrum for the density be-
haves like Pδ(k) ∝ k4/a4d for k → 0.
Of course, the same result can be obtained from Eq.
(75). Writing φ = φ(L) + φ(2) + ... and using Eq. (76),
we obtain
a
dφ
(2)
k
da
+ 2(d− 1)φ(2)k
=
ad−2
2GM
∫
φ
(L)
1
2k+p
φ
(L)
1
2k−p
G(k,p)
dp
(2π)d
=
(SdGρba
d)2
2GMa3d−2
∫
Q 1
2k+p
Q 1
2k−p
G(k,p)
dp
(2π)d
. (82)
Proceeding as before, the solution to this equation is
φ
(2)
k = −
ad−2
2dGM
∫
φ
(L)
1
2k+p
φ
(L)
1
2k−p
G(k,p)
dp
(2π)d
. (83)
For k → 0, we get
φ
(2)
k≃0 ≃ −
ad−2
2dGM
∫
|φ(L)p |2p2
dp
(2π)d
∝ 1
a3d−2
, (84)
which is independent on k. Using Eqs. (70) and (84),
the power spectrum for the density behaves like Pδ(k) ∼
k4a2(d−2)Pφ(k) ∝ k4/a4d for k → 0.
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2. Self-similar solution in the fully nonlinear regime
At T = 0, Eq. (74) admits self-similar solutions of the
form δk(a) = δ(a)Dk. This self-similar solution is ex-
pected to be reached for sufficiently large times when
the initial condition becomes irrelevant. This implies
that nonlinear gravitational clustering leads to a univer-
sal power spectrum at late times. Again, this result is
similar to the one obtained in cosmology [50]. However,
in the present case, the self-similar solution is exact while
in cosmology it is approximate (although very accurate)
since the Zeldovich approximation must be used to close
the integral equation for the density contrast.
Substituting the ansatz δk(a) = δ(a)Dk in Eq. (74),
we obtain the separate equations
a
d
dδ
da
+ δ = µδ2, (85)
µDk = −1
2
∫
Dk′Dk−k′
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
,
(86)
where µ is an arbitrary constant. Eq. (85) can be easily
solved yielding
δ(a) =
1
µ− ( aa0 )d[µ− 1δ(a0) ]
. (87)
We note that δ(a)→ 1/µ for large times (a→ 0) showing
that nonlinear effects finally stabilize the system. Equa-
tions (86) and (87) provide an exact solution of the non-
linear problem. For k → 0, Eq. (86) reduces to
µDk≃0 ∼ −1
2
k2
∫ |Dk′ |2
k′2
dk′
(2π)d
, (88)
implying that the power spectrum for the density behaves
like Pδ(k) ∝ δ(a)2k4 for k → 0.
Of course, we can do the same analysis from Eq. (75).
Substituting φk(a) = F (a)SdGρba
dQk in Eq. (75), we
get the separate equations
a
dF
da
+ 2(d− 1)F = dµad−2F 2, (89)
µQk =
1
2
∫
Q 1
2k+p
Q 1
2k−p
G(k,p)
dp
(2π)d
, (90)
with G(k,p) = (k/2)2 + p2 − 2(k · p/k)2. This is con-
sistent with the preceding formulae if we set δ(a) =
F (a)ad−2 and Dk = −k2Qk. For k → 0, Eq. (90) re-
duces to
µQk≃0 =
1
2
∫
|Qp|2p2 dp
(2π)d
, (91)
implying that the power spectrum for the density behaves
like Pδ(k) ∼ k4a2(d−2)Pφ(k) ∝ F (a)2a2(d−2)k4 for k → 0.
Remark: in Appendix D, we show that the self-similar
solution can be directly obtained in physical space (in-
stead of Fourier space).
C. Spherical approximation
In the nonlinear regime, it is not possible to analyt-
ically solve Eqs. (34)-(35) in full generality. We can,
however, obtain a particular solution if we assume that,
locally, the density is homogeneous. Therefore, we shall
describe the evolution of a constant overdensity com-
pared with the background. This is the equivalent of
the spherical top hat in cosmology [49, 50]. If we assume
δ(x, t) = δ(t), Eq. (34) becomes
ξ
dδ
dt
= SdGρbδ(1 + δ). (92)
Let us assume that this equation describes the evolution
of a spherical region of massM and radius R(t). In that
case, the density contrast can be written
1 + δ =
ρ
ρb
=
M
M
( a
R
)d
. (93)
Substituting Eq. (93) in Eq. (92) and using Eq. (22),
we obtain
ξ
dR
dt
= − GM
Rd−1
, or ξ
dρ
dt
= SdGρ
2. (94)
This corresponds to the collapse of a uniform sphere de-
scribed by the BSP system (1)-(2).
This observation leads to the following scenario. If we
start from a uniform sphere of mass M and radius a0,
this sphere is unstable and collapses under its own grav-
ity. The mean flow develops a finite time singularity: the
average density ρb(t) becomes infinite in a finite time t∗
while the radius a(t) of the sphere tends to zero. How-
ever, this sphere is unstable to small perturbations and
a process of fragmentation follows. The details on this
process depend on the equation of state, e.g. on the poly-
tropic index. If γ > γ4/3, the system is asymptotically
stable. However, the perturbations whose wavelengths λ
are larger than the initial Jeans wavelength λJ (0) grow
(see Sec. III C). This initial growth can trigger nonlinear
effects and result in the formation of overdense regions.
At first, these regions experience a cold collapse and in-
tensify. Then, when pressure effects become important at
high densities and small scales, localized clusters in virial
equilibrium form. These individual clusters, which cor-
respond to complete polytropic spheres, are stable since
γ > γ4/3. If γ < γ4/3, the collapsing sphere of radius
a(t) is unstable to small perturbations whatever their
wavelength. In the linear regime, the density contrast is
small (δ ≪ 1) and the perturbations grow as described in
Sec. III C. In the nonlinear regime, the density contrast
becomes large (δ ≫ 1) and the system forms overdense
regions. They correspond to localized clusters. How-
ever, these individual clusters are unstable since γ < γ4/3
and they experience gravitational collapse. They can col-
lapse as uniforms spheres and fragmentate into smaller
pieces as described in this paper. This leads to a process
of hierarchical clustering in which clusters fragmentate
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into smaller clusters which themselves fragmentate into
smaller clusters and so on. Alternatively, the clusters
can undergo a self-similar spherically symmetric collapse
up to a Dirac peak as described in [10–14, 34]. In that
case, there is no fragmentation. The dynamics of these
clusters is also interesting since they interact with each
other. At large scales, their internal structure can be
neglected and the problem is reduced to the dynamical
evolution of a system of N clusters in interaction. When
two clusters come into contact, they merge so that their
massM(t) increases while their number N (t) decreases.
Ultimately, only one cluster remains: a Dirac peak con-
taining all the mass (statistical equilibrium state in the
canonical ensemble). This is reminiscent of a coarsen-
ing process in statistical mechanics [66]. This also shares
analogies with the process of decaying two-dimensional
turbulence [67]. Starting from an incoherent initial con-
dition, large-scale vortices spontaneously emerge in a 2D
incompressible flow and rapidly dominate the dynamics.
These vortices evolve under the effect of their mutual ad-
vection (due to long-range interactions) punctuated by
merging events. Their number decreases as a power law
N(t) ∼ t−ξ with an exponent ξ ≃ 0.6 − 1 [68]. It would
be interesting to further develop the analogy between 2D
decaying turbulence and self-gravitating Brownian parti-
cles.
V. QUANTUM SMOLUCHOWSKI-POISSON
SYSTEM
We now introduce and study a more general Smolu-
chowski equation taking quantum effects into account.
To that purpose, we consider a dissipative gas of
self-gravitating Bose-Einstein condensates. Using the
Madelung transformation, we show that the dissipative
Gross-Pitaevskii equation is equivalent to the damped
barotropic Euler equations with an additional quantum
potential. In a strong friction limit, this yields the quan-
tum barotropic Smoluchowski equation. We extend our
previous analysis to this more general equation.
A. Dissipative Gross-Pitaevskii-Poisson system
We consider an interacting gas of Bose-Einstein con-
densates at T = 0 described by the dissipative mean field
Gross-Pitaevskii (GP) equation [69, 70]:
ih¯
∂ψ
∂t
(r, t) = − h¯
2
2m
∆ψ(r, t) +mΦtot(r, t)ψ(r, t)
+
ξh¯
2i
ln
(
ψ
ψ∗
)
ψ, (95)
Φtot(r, t) =
∫
ρ(r′, t)u(|r− r′|) dr′, (96)
ρ(r, t) = Nm|ψ(r, t)|2, (97)
∫
|ψ(r, t)|2 dr = 1. (98)
Equation (98) is the normalization condition, Eq. (97)
gives the density of the BEC, Eq. (96) determines the
associated potential and Eq. (95) determines the wave
function. We assume that the potential of interaction
can be written as u = uLR + uSR where uLR refers to
the long-range gravitational interaction and uSR to the
short-range interaction. We assume that the short-range
interaction corresponds to binary collisions that can be
modeled by the effective potential uSR(r−r′) = gδ(r−r′),
where the coupling constant (or pseudo-potential) g is
related to the s-wave scattering length as through g =
4πash¯
2/m3 (in d = 3) [71]. For the sake of generality,
we allow as to be positive or negative (as > 0 corre-
sponds to short-range repulsions and as < 0 corresponds
to short-range attractions). Under these conditions, the
total potential can be written Φtot = Φ + h(ρ) where Φ
is the gravitational potential and
h(ρ) = gρ = gNm|ψ|2, (99)
is an effective potential modeling short-range interac-
tions. For the sake of generality, we will consider an
arbitrary function h(ρ). We shall also assume that the
particles are subjected to an external potential Φext(r).
For illustration, we may consider a harmonic potential
Φext = ω
2
0r
2/2 which can play the role of a trap (ω20 > 0)
or a rotation (ω20 = −Ω2 < 0). Regrouping these re-
sults, we obtain the dissipative Gross-Pitaevskii-Poisson
(GPP) system
ih¯
∂ψ
∂t
(r, t) = − h¯
2
2m
∆ψ(r, t) +m[Φ(r, t)
+h(ρ) + Φext(r)]ψ(r, t) +
ξh¯
2i
ln
(
ψ
ψ∗
)
ψ, (100)
∆Φ = SdGρ = SdGNm|ψ|2. (101)
Instead of the gravitational potential, we could consider
an arbitrary binary potential with long-range interac-
tions of the form uLR(|r − r′|) in which case the Pois-
son equation would be replaced by Φ = uLR ∗ ρ where ∗
denotes the product of convolution.
We have introduced a source of dissipation in the
Gross-Pitaevskii equation measured by the coefficient ξ
(the ordinary Gross-Pitaevskii equation is recovered for
ξ = 0). Initially, we “guessed” the form of this dissipa-
tion term in order to obtain, after making the Madelung
transformation, the damped Euler equations (as we shall
see, the parameter ξ can be interpreted as a friction coef-
ficient in the Euler equation (111)). Then, we found some
confidence in the fact that the same term was previously
derived by Kostin [72] from the Heisenberg-Langevin
equation describing a Brownian particle interacting with
a thermal bath environment [93]. We can therefore con-
sider that Eqs. (100)-(101) have some physical founda-
tion. Recently, some authors [51] have proposed that
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dark matter in the universe could be a self-gravitating
Bose-Einstein condensate described by the GPP system
(100)-(101) with ξ = 0 (see [77] for a short history). Here,
we consider a more general model where damping effects
are taken into account. In addition to cosmology, this
model can probably find applications in other domains
of physics.
B. Madelung transformation
Let use the Madelung [73] transformation to rewrite
the dissipative GPP system in the form of hydrodynamic
equations. We write the wavefunction in the form
ψ(r, t) = A(r, t)eiS(r,t)/h¯ (102)
where A(r, t) and S(r, t) are real functions. We clearly
have
A =
√
|ψ|2, S = h¯
2i
ln
(
ψ
ψ∗
)
. (103)
Note that the dissipative term in the GP equation (100)
can be written ξSψ. Substituting Eq. (102) in Eq. (100)
and separating real and imaginary parts, we obtain
∂S
∂t
+
1
2m
(∇S)2 +mΦtot − h¯
2
2m
∆A
A
+ ξS = 0, (104)
∂A2
∂t
+∇ ·
(
A2∇S
m
)
= 0. (105)
Following Madelung, we introduce the density and the
velocity fields
ρ = NmA2 = Nm|ψ|2, u = 1
m
∇S. (106)
We first note that the flow is irrotational since ∇× u =
0. With these variables, Eqs. (104) and (105) can be
rewritten
∂ρ
∂t
+∇ · (ρu) = 0, (107)
∂S
∂t
+
1
2m
(∇S)2+m(Φ+h(ρ)+Φext)+Q+ξS = 0, (108)
where
Q = − h¯
2
2m
∆
√
ρ√
ρ
= − h¯
2
4m
[
∆ρ
ρ
− 1
2
(∇ρ)2
ρ2
]
, (109)
is the quantum potential. The first equation is similar to
the equation of continuity in hydrodynamics. The second
equation has a form similar to the classical Hamilton-
Jacobi equation with an additional quantum term and
a source of dissipation. It can also be interpreted as a
generalized Bernouilli equation for a potential flow. Tak-
ing the gradient of Eq. (108), and using the well-known
identity (u ·∇)u = ∇(u2/2)−u× (∇×u) which reduces
to (u ·∇)u = ∇(u2/2) for an irrotational flow, we obtain
an equation similar to the damped Euler equation with
an additional quantum potential
∂u
∂t
+(u·∇)u = −∇h−∇Φ−∇Φext− 1
m
∇Q−ξu. (110)
This equation shows that the effective potential h ap-
pearing in the GP equation can be interpreted as an en-
thalpy in the hydrodynamic equations. We can rewrite
Eq. (110) in the form
∂u
∂t
+(u·∇)u = −1
ρ
∇p−∇Φ−∇Φext− 1
m
∇Q−ξu, (111)
where p(r, t) is a pressure. Since h(r, t) = h[ρ(r, t)], the
pressure p(r, t) = p[ρ(r, t)] is a function of the density
(the flow is barotropic). The equation of state p(ρ) is
determined by the potential h(ρ) through the relation
h′(ρ) =
p′(ρ)
ρ
. (112)
This yields p(ρ) = ρh(ρ)−H(ρ) where H is a primitive of
h. In conclusion, the dissipative GPP system is equivalent
to the hydrodynamic equations
∂ρ
∂t
+∇ · (ρu) = 0, (113)
∂u
∂t
+(u·∇)u = −1
ρ
∇p−∇Φ−∇Φext− 1
m
∇Q−ξu, (114)
∆Φ = SdGρ. (115)
For a harmonic potential, ∇Φext = ω20r. We shall refer
to these equations as the quantum damped barotropic
Euler-Poisson system. We note the identity
− 1
m
∇Q ≡ −1
ρ
∂jPij , (116)
where Pij is the quantum stress (or pressure) tensor
Pij = − h¯
2
4m2
ρ ∂i∂j ln ρ, (117)
or
Pij =
h¯2
4m2
(
1
ρ
∂iρ∂jρ− δij∆ρ
)
. (118)
This shows that the quantum potential is equivalent to
an anisotropic pressure. In the classical limit h¯→ 0, the
quantum potential disappears and we recover the ordi-
nary damped barotropic Euler-Poisson system.
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In the strong friction limit ξ → +∞, we can formally
neglect the inertia of the particles in Eq. (114) and obtain
ξu ≃ −1
ρ
∇p−∇Φ−∇Φext − 1
m
∇Q. (119)
Substituting this relation in the continuity equation
(113), we finally arrive at the quantum barotropic
Smoluchowski-Poisson system
ξ
∂ρ
∂t
= ∇ ·
(
∇p+ ρ∇Φ+ ρ∇Φext + ρ
m
∇Q
)
, (120)
∆Φ = SdGρ. (121)
In the classical limit h¯ → 0, the quantum poten-
tial disappears and we recover the classical barotropic
Smoluchowski-Poisson system (1)-(2). We note that, due
to the complex nature of the wave function, it is not pos-
sible to take the strong friction limit directly in the dis-
sipative GP equation (100). We must necessarily split
this equation into its real and imaginary parts, which is
achieved by means of the Madelung transformation, and
take the limit ξ → +∞ in the Euler equation (114) cor-
responding to the real part of the GP equation.
Remark: a system of classical Brownian particles with
long and short range interactions [55] is described by the
generalized Smoluchowski equation
ξ
∂ρ
∂t
= ∇ ·
(
kBT
m
∇ρ+∇pex + ρ∇Φ+ ρ∇Φext
)
, (122)
where pid = ρkBT/m is the ideal kinetic pressure and pex
is the excess pressure taking into account short-range in-
teractions. The total pressure is p = pid + pex. In the
present case, T = 0, so that the pressure in Eq. (120)
corresponds to pex. Contrary to the kinetic pressure pid,
the pressure pex arising from short-range interactions can
be positive or negative (see Sec. VC). In the DDFT,
this pressure is related to the excess free energy Fex[ρ]
by ∇pex = ρ∇δFex/δρ [55]. In the present case, accord-
ing to Eq. (112), we have ∇pex = ρ∇h. Therefore, the
excess free energy is Fex =
∫
H(ρ) dr where H is a prim-
itive of h. Similarly, the quantum pressure in Eq. (120)
can be obtained from the quantum excess free energy
FQex = (1/m)
∫
ρQdr via (ρ/m)∇Q = ρ∇δFQex/δρ (see
Appendix E).
C. Equation of state
The effective potential h(ρ), which takes into account
short-range interactions (collisions) between particles,
determines a barotropic equation of state p(ρ) through
the relation (112). Inversely, specifying an equation of
state p = p(ρ), we can obtain the corresponding function
h(ρ). Let us give specific examples.
The isothermal equation of state p = ρkBTeff/m leads
to an effective potential of the form
h(ρ) =
kBTeff
m
ln ρ. (123)
The corresponding GP equation can be written
ih¯
∂ψ
∂t
= − h¯
2
2m
∆ψ + (mΦ+ 2kBTeff ln |ψ|)ψ. (124)
Interestingly, we note that a nonlinear Schro¨dinger equa-
tion with a logarithmic potential similar to Eq. (124) has
been introduced long ago by Bialynicki & Mycielski [74]
as a possible generalization of the Schro¨dinger equation
in quantum mechanics.
The polytropic equation of state p = Kργ with γ =
1 + 1/n leads to an effective potential of the form
h(ρ) =
Kγ
γ − 1ρ
γ−1. (125)
The corresponding GP equation can be written
ih¯
∂ψ
∂t
= − h¯
2
2m
∆ψ +m(Φ + κ|ψ|2/n)ψ, (126)
where κ = K(n + 1)(Nm)1/n. This is the usual gen-
eral form of the GP equation considered in the literature
[75]. We may recall that classical and ultra-relativistic
fermion stars at T = 0 are equivalent to polytropes with
index n = n3/2 ≡ d/2 and n = n′3 ≡ d respectively [82].
The GPP system (126)-(101) with n = 3/2 in d = 3,
describing self-gravitating fermions beyond the Thomas-
Fermi approximation (i.e. with the quantum potential
retained), has been studied by Bilic et al. [76] in relation
with the formation of white dwarf stars by gravitational
collapse.
The original Gross-Pitaevskii equation corresponds to
a potential of the form
h(ρ) = gρ =
4πash¯
2
m3
ρ, (127)
where as is the s-scattering length (in d = 3). This leads
to an equation of state
p =
1
2
gρ2 =
2πash¯
2
m3
ρ2. (128)
This is a polyropic equation of state of the form (4) with
n = 1, γ = 2 and K = g/2 = 2πash¯
2/m3. The GPP sys-
tem (126)-(101) with n = 1 has been studied by Bo¨hmer
& Harko [51] and Chavanis [77–79] in the context of dark
matter.
Remark: as we have previously indicated, for a Bose-
Einstein condensate, the pressure can be negative. This
is the case, in particular, for a BEC with quartic self-
interaction (p ∝ ρ2 ∝ |ψ|4) described by the equation of
state (128) when the scattering length as is negative. In
terrestrial BEC experiments, some atoms like 7Li have
a negative scattering length [71, 80]. Similarly, the con-
stant Teff appearing in Eq. (123) is just an “effective”
temperature since it arises from a particular form of self-
interaction and has nothing to do with the thermody-
namical temperature (which here is T = 0). This effec-
tive temperature can be positive or negative.
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D. Time-independent dissipative GP equation
If we consider a wavefunction of the form
ψ(r, t) = A(r)e−i
E
ξh¯ (1−e
−ξt), (129)
we obtain the time-independent dissipative GP equation
− h¯
2
2m
∆ψ(r) +m(Φ(r) + h(ρ) + Φext(r))ψ(r) = Eψ(r),
(130)
where ψ(r) ≡ A(r) is real and ρ(r) = Nmψ2(r). Dividing
Eq. (130) by ψ(r), we get
mΦ+mh(ρ) +mΦext(r)− h¯
2
2m
∆
√
ρ√
ρ
= E, (131)
or, equivalently,
mΦ+mh(ρ) +mΦext +Q = E. (132)
This relation can also be derived from the dissipative
quantum Hamilton-Jacobi equation (108) by setting S =
−(E/ξ)(1− e−ξt). Alternatively, it can be deduced from
the quantum barotropic Euler equation (111) which is
equivalent to the GP equation. The steady state of the
quantum barotropic Euler equation (111), obtained by
taking ∂t = 0 and u = 0, satisfies
∇p+ ρ∇Φ + ρ∇Φext − h¯
2ρ
2m2
∇
(
∆
√
ρ√
ρ
)
= 0. (133)
This generalizes the usual condition of hydrostatic equi-
librium by incorporating the contribution of the quan-
tum potential. Equation (133) describes the balance be-
tween the gravitational attraction, the repulsion due to
the quantum potential (Heisenberg uncertainty princi-
ple) and the repulsion (for as > 0) or the attraction (for
as < 0) due to the short-range interactions (scattering).
This equation is equivalent to Eq. (131). Indeed, inte-
grating Eq. (133) using Eq. (112), we obtain Eq. (131)
where the eigenenergy E appears as a constant of inte-
gration. On the other hand, combining Eq. (133) with
the Poisson equation (101), we obtain the fundamental
equation of hydrostatic equilibrium with quantum effects
−∇·
(∇p
ρ
)
+
h¯2
2m2
∆
(
∆
√
ρ√
ρ
)
= SdGρ+∆Φext. (134)
For a harmonic potential, ∆Φext = dω
2
0 . When quantum
effects are ignored (classical limit or Thomas-Fermi ap-
proximation), we recover the classical fundamental equa-
tion of hydrostatic equilibrium
−∇ ·
(∇p
ρ
)
= SdGρ+∆Φext. (135)
Finally, for an equation of state of the form (128), Eq.
(134) becomes
− g∆ρ+ h¯
2
2m2
∆
(
∆
√
ρ√
ρ
)
= SdGρ+∆Φext. (136)
This equation has been studied in [77, 78] in d = 3 when
Φext = 0. There are two important limits: (i) the non-
interacting limit corresponding to g = as = 0 (or more
generally p = 0) and (ii) the Thomas-Fermi (TF) limit
obtained by neglecting the quantum potential Q.
E. Equation for the evolution of the density
contrast
We can now generalize the results of the first part of
the paper to the quantum BSP system (120)-(121). In
this paper, we assume Φext = 0. The background flow
(collapsing uniform sphere) studied in Sec. II C is not
modified since the quantum potential enters (120) only
through its gradient. Then, working in the comoving
frame and extending the calculations of Sec. III, we find
that Eqs. (34)-(35) are replaced by
ξ
∂δ
∂t
=
1
a2
∇ ·
[
c2s∇δ + (1 + δ)∇φ
− h¯
2(1 + δ)
2m2a2
∇
(
∆
√
1 + δ√
1 + δ
)]
, (137)
∆φ = SdGρbδa
2, (138)
where c2s = p
′(ρ) = p′(ρb(1 + δ)). If we consider small
perturbations δ ≪ 1, φ ≪ 1 around the homogeneous
flow δ = φ = 0, we obtain the linearized equation
ξ
∂δ
∂t
=
c2s
a2
∆δ + SdGρbδ − h¯
2
4m2a4
∆2δ, (139)
where c2s = p
′(ρb). Expanding the solution in Fourier
modes of the form δ(x, t) = δk(t)e
ik·x, we obtain the
equation
ξδ˙ +
(
h¯2k4
4m2a4
+
c2sk
2
a2
− SdGρb
)
δ = 0, (140)
for the evolution of the density contrast in the linear
regime.
F. Jeans type analysis in a static frame
Let us first make the Jeans swindle and assume that
the above equation is valid in a static frame a = 1. In
that case, the solution of Eq. (140) is δ ∝ e−iωt leading
to the dispersion relation
iξω =
h¯2k4
4m2
+ c2sk
2 − SdGρ. (141)
The perturbation evolves like eγt with an exponential
rate γ = −iω. This relation, like the original quantum
Smoluchowski equation (120), clearly shows the compe-
tition between the attractive gravitational force, the (re-
pulsive or attractive) pressure arising from short-range
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interactions and the repulsive quantum pressure arising
from the Heisenberg uncertainty principle. For the equa-
tion of state (128), the square of the velocity of sound
is
c2s = gρ =
4πash¯
2ρ
m3
, (142)
and the dispersion relation can be rewritten
iξω =
h¯2k4
4m2
+ gρk2 − SdGρ. (143)
In the non-interacting case g = as = 0, the pressure
is zero (p = 0). The particles interact via gravity and
they experience the effect of the quantum potential. The
dispersion relation reduces to
iξω =
h¯2k4
4m2
− SdGρ, (144)
leading to the quantum Jeans wavenumber
kQ =
(
4SdGρm
2
h¯2
)1/4
. (145)
This characteristic wavenumber arises due to the inter-
play between gravity and quantum effects (Heisenberg’s
uncertainty principle). For k < kQ, the system is un-
stable and the perturbations grow with a growth rate
γ > 0; for k > kQ the system is stable and the pertur-
bations decay with a damping rate γ < 0. Note that the
growth rate is maximum for k = 0 (corresponding to an
infinite wavelength λ = 2π/k → +∞) and its value is
γmax = SdGρ/ξ.
In the Thomas-Fermi approximation in which the
quantum potential can be neglected, the particles inter-
act via gravity and they experience a pressure due to
short-range interactions. The dispersion relation reduces
to
iξω = gρk2 − SdGρ. (146)
This is the classical Jeans dispersion relation of Sec. II B.
For g < 0, the system is always unstable. For g > 0, the
Jeans wavenumber is
kJ =
(
SdGρ
c2s
)1/2
=
(
SdG
g
)1/2
. (147)
This characteristic wavenumber arises due to the inter-
play between gravity and repulsive scattering. We note
that the Jeans wavenumber is independent on the den-
sity (in d = 3, it can be written kJ = (Gm
3/ash¯
2)1/2).
For k < kJ , the system is unstable and the perturbation
grows with a growth rate γ > 0; for k > kJ the system is
stable and the perturbation decays with a damping rate
γ < 0. The maximum growth rate corresponds to k = 0
leading to γmax = SdGρ/ξ.
In the non-gravitational case (G = 0), the dispersion
relation reduces to
iξω =
h¯2k4
4m2
+ gρk2. (148)
For g > 0, the system is always stable and the perturba-
tion decays with a damping rate γ < 0. For g < 0, the
critical wavenumber is
k0 =
(
4m2|c2s|
h¯2
)1/2
=
(
4m2|g|ρ
h¯2
)1/2
. (149)
This characteristic wavenumber arises due to the in-
terplay between quantum pressure and attractive scat-
tering (in d = 3, k0 = (16π|as|ρ/m)1/2). For k <
k0, the system is unstable and the perturbation grows
with a growth rate γ > 0; for k > k0 the system
is stable and the perturbation decays with a damp-
ing rate γ < 0. The growth rate is maximum for
k∗ = (2|c2s|m2/h¯2)1/2 = (2|g|ρm2/h¯2)1/2 = k0/
√
2 and
its value is γ∗ = c
4
sm
2/ξh¯2 = g2ρ2m2/ξh¯2 (in d = 3,
k∗ = (8π|as|ρ/m)1/2 and γ∗ = 16π2a2sh¯2ρ2/ξm4).
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FIG. 4: Dimensionless dispersion relation −ξΓ = κ4+2ακ2−1
with Γ = γ/γ0, κ = k/k0 and α = g/g0 where γ0 = SdGρ,
k0 = (4SdGρm
2/h¯2)1/4 and g0 = (SdGh¯
2/ρm2)1/2. The
Jeans wavenumber is κ2J = −α +
√
α2 + 1. For g < 0, the
maximum growth rate is ξΓ∗ = 1 + α
2 reached for κ2
∗
= −α.
The TF limit corresponds to κ2 ≪ |α|, the non-gravitational
limit to κ2 ≫ 1/|α| and the non-interacting limit to |α| ≪ 1.
We now consider the general case. With the previous
relations, the dispersion relation (141) can be rewritten
iξω
SdGρ
=
k4
k4Q
+
k2
k2J
− 1. (150)
The pulsation vanishes at the critical Jeans wavenumber
k2c =
k4Q
2k2J
(
±
√
1 +
4k4J
k4Q
− 1
)
, (151)
with + when c2s ≥ 0 and − when c2s < 0. The previ-
ous results can be recovered as particular cases of this
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general relation. For k < kc, the system is unstable
and the perturbation grows with a growth rate γ > 0;
for k > kc the system is stable and the perturbation
decays with a damping rate γ < 0. For c2s ≥ 0, γ de-
creases monotonically with k. Accordingly, the growth
rate is maximum for k = 0 (infinite wavelength) leading
to γmax = SdGρ/ξ. For c
2
s < 0, γ achieves a maximum
value
γ∗ =
SdGρ
ξ
(
1 +
k4Q
4k4J
)
=
SdGρ
ξ
+
m2c4s
ξh¯2
, (152)
at
k∗ =
(
k4Q
2|k2J |
)1/2
=
(
2|c2s|m2
h¯2
)1/2
. (153)
The exponential rate γ = −iω is plotted as a function
of the wavenumber k in Fig. 4 for repulsive (g > 0) and
attractive (g < 0) self-interactions.
Remark: if we perform the Jeans stability analysis on
the quantum damped barotropic Euler-Poisson system
(113)-(115), we find that the dispersion relation is given
by Eq. (141) where iξω is replaced by ω(ω + iξ). The
discussion is then similar to the one given in Ref. [58].
G. Jeans type analysis in a collapsing frame
We now return to Eq. (140) and study the growth
of perturbations in the collapsing frame. Taking cs = 0
in Eq. (140), we can define a quantum time-dependent
Jeans wavenumber
kQ =
(
4SdGρbm
2a4
h¯2
)1/4
. (154)
Recalling Eq. (17), we can write kQ = κQa
(4−d)/4 with
κQ = (4SdGρba
dm2/h¯2)1/4. The quantum Jeans length
λQ = 2π/kJ behaves like a
−(4−d)/4. For d > 4 (resp. d <
4), it decreases (resp. increases) with time so that the
system becomes unstable at smaller and smaller (larger
and larger) scales as the cloud collapses. For d = 4, the
quantum Jeans length is constant: kJ = κJ .
Measuring the evolution in terms of a instead of t and
using Eq. (22), we can rewrite Eq. (140) in the form
dδ
da
− d
a
(
h¯2k4
4SdGρbm2a4
+
c2sk
2
SdGρba2
− 1
)
δ = 0. (155)
For short times, writing a = a0(1 − ǫ) with ǫ ≪ 1, we
obtain
δ(a)
δ(a0)
≃ 1− d
(
k4
kQ(0)4
+
k2
kJ (0)2
− 1
)
ǫ, (156)
where kQ(0) and kJ (0) are the quantum and classical
Jeans wavenumbers (154) and (41) at t = 0. For short
times, the perturbations start to grow if k < kc(0) and
start to decay if k > kc(0) where kc is defined by Eq.
(151). This result is valid for any equation of state. To
describe larger times, it is necessary to specify the equa-
tion of state. Assuming that p(ρ) is given by a polytropic
equation of state and introducing the notations defined
previously, Eq. (155) becomes
dδ
da
− d
a
(
k4
κ4Qa
4−d
+
k2
κ2Ja
dγ−2(d−1)
− 1
)
δ = 0. (157)
Let us first consider the non-interacting case cs = 0.
Eq. (157) reduces to
dδ
da
− d
a
(
k4
κ4Qa
4−d
− 1
)
δ = 0. (158)
If d 6= 4, the solution of this equation is
δ(a) ∝ 1
ad
e
−
dk4
κ4
Q
(4−d)a4−d . (159)
For short times, we recover Eq. (156). This equation
clearly shows the initial effect of the Jeans wavelength.
Indeed, the perturbation starts to grow if k < kQ(0) and
starts to decay if k > kQ(0). This result is independent
on the value of the dimension d. On the other hand, for
large times, the effect of the quantum Jeans scale disap-
pears and the evolution of the system is only controlled
by the value of d. For d < 4, we find that δ(a) → 0
very rapidly as a → 0. The system becomes asymptoti-
cally stable to all wavelengths. For d > 4, we find that
δ(a) ∝ a−d → +∞ as a → 0. The system becomes
asymptotically unstable to all wavelengths and behaves
like in a cold classical gas. We note that quantum me-
chanics has a stabilizing role with respect to gravitational
collapse when d < 4. However, it is not able to prevent
gravitational collapse when d > 4. Therefore, the di-
mension d = 4 is critical. We have already reached this
conclusion in [81, 82] for fermion stars. For d = 4, the
solution of Eq. (158) is
δ(a) ∝ a4(k4/κ4Q−1). (160)
For k < κQ, the perturbation increases in time and the
system is unstable (for k ≪ κQ, the perturbation grows
like in a cold classical gas). For k > κQ, the perturbation
decreases in time and the system is stable.
Comparing Eqs. (158) and (46), we note that the de-
pendence in a is the same in the two equations when
γ = γ5/3 ≡ (d + 2)/d, i.e. n = n3/2 ≡ d/2. This is the
index of a classical fermionic gas [81, 82]. Concerning the
dependence in a, a cold bosonic gas behaves similarly to
a cold fermionic gas. However, the dependence in k is
different (k2 instead of k) as well as the expression of
the Jeans length (kQ instead of kJ ). We also note that
γ5/3 = γ4/3 = 3/2 for d = 4, which is the critical di-
mension of a self-gravitating quantum gas [81, 82]. For
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γ = γ5/3, Eq. (157) reduces to
dδ
da
− d
a
(
k4
κ4Qa
4−d
+
k2
κ2Ja
4−d
− 1
)
δ = 0. (161)
If d 6= 4, the solution of this equation is
δ(a) ∝ 1
ad
e
−
d(k4/κ4Q+k
2/κ2J )
(4−d)a4−d . (162)
For short times, we recover Eq. (156). The perturba-
tion starts to grow if k < kc(0) and starts to decay if
k > kc(0). For large times, the system is asymptotically
stable for d < 4 and asymptotically unstable for d > 4.
For d = 4, the solution of Eq. (161) is
δ(a) ∝ a4
(
k4
κ4
Q
+ k
2
κ2
J
−1
)
. (163)
The system is stable for k > kc and unstable for k < kc.
Let us finally treat the general case. We first assume
d 6= 4. For γ 6= γ4/3, we get
δ(a) ∝ 1
ad
e
−
dk4
κ4
Q
(4−d)a4−d e
dk2a2(d−1)−dγ
κ2
J
(2(d−1)−dγ) , (164)
and for γ = γ4/3, we obtain
δ(a) ∝ 1
ad
e
−
dk4
κ4
Q
(4−d)a4−d ad(k
2/κ2J−1). (165)
We now assume d = 4. For γ 6= γ4/3 = 3/2, we get
δ(a) ∝ a4(k4/κ4Q−1)e
4k2a6−4γ
κ2
J
(6−4γ) , (166)
and for γ = γ4/3 = 3/2, we obtain Eq. (163).
The short time evolution (a → a0) is given by Eq.
(156). The perturbation starts to grow if k < kc(0)
and starts to decay if k > kc(0). To analyze the evo-
lution for large time (a → 0), it is convenient to start
directly from the differential equation (157). (i) Let us
first assume d < 4. For γ > γ5/3, δ(a) → 0 like in Eq.
(47) and for γ < γ5/3, δ(a) → 0 like in Eq. (159). For
γ = γ5/3, δ(a) → 0 like in Eq. (162). In all cases, we
find that δ → 0 very rapidly so that the system is al-
ways asymptotically stable. The stabilization is due to
the polytropic pressure for γ > γ5/3, to the quantum
pressure for γ < γ5/3 and to both for γ = γ5/3. (ii) Let
us consider d > 4. In that case, the quantum effects
become asymptotically negligible and we are led back to
the study of Sec. III C. For γ 6= γ4/3, the asymptotic
evolution of the density contrast is given by Eq. (47).
For γ > γ4/3, δ(a) → 0 very rapidly and the system is
stable; for γ < γ4/3, δ(a) ∝ a−d → +∞ and the system
is unstable. For γ = γ4/3, the evolution of the density
contrast is given by Eq. (50). The system is stable for
k > kJ and unstable for k < kJ . (iii) Let us finally as-
sume d = 4. For γ > 3/2, we find that δ(a) → 0 like in
Eq. (47) so the system is stable. The quantum pressure
is asymptotically negligible so the stabilization is due to
the polytropic pressure. For γ < 3/2, the polytropic
pressure is asymptotically negligible. We find that δ(a)
behaves like in Eq. (160) so that the system is stable for
k > kQ and unstable for k < kQ. The stabilization is
due to the quantum pressure. Finally, for γ = 3/2, the
density contrast behaves like in Eq. (163) so that the
system is stable for k > kc and unstable for k < kc. The
stabilization is due to the quantum pressure and to the
polytropic pressure.
Remark 1: a standard self-gravitating BEC with γ = 2
is always stable since 2 > γ4/3 in any dimension of space.
In that case, κJ = (SdG/g)
1/2.
Remark 2: the previous discussion assumes that c2s >
0. If the self-interaction is attractive (c2s < 0, κ
2
J < 0),
the system becomes unstable in the following cases: (i)
if d < 4 and γ > γ5/3; (ii) if d < 4 and γ = γ5/3 and
k < (κ4Q/|κ2J |)1/2; (iii) if d > 4; (iv) if d = 4 and γ > 3/2.
The other results are unchanged.
VI. CONCLUSION
In this paper, we have studied the dynamical evolu-
tion of a collapsing cloud of classical and quantum self-
gravitating Brownian particles. A spatially homogeneous
sphere is unstable and collapses under its own gravity.
This leads to a finite-time singularity in which the system
has a vanishing radius and an infinite density. However,
the collapsing sphere (background flow) may be unstable
to small perturbations and a process of fragmentation
takes place. This leads to the formation of dense local-
ized clusters. We have derived an exact set of equations
(34)-(35) describing the evolution of the density contrast
in the comoving frame. In the linear regime, the evolu-
tion of the perturbations can be described analytically
for any equation of state. Specific attention has been
given to the polytropic equation of state for the sake of
illustration. If γ > γ4/3, the system is asymptotically
stable. However, the perturbations initially grow if their
wavelength λ is larger than the Jeans scale λJ(0). This
initial growth can trigger nonlinear effects and result first
in a cold collapse then in the formation of dense local-
ized clusters in virial equilibrium when pressure effects
become important. They correspond to stable steady
states of the BSP system (1)-(2) in which gravitational
forces are balanced by pressure forces. If γ < γ4/3, the
system is unstable. Small perturbations grow in the lin-
ear regime whatever their wavelength. In the nonlinear
regime, these perturbations amplify and form dense lo-
calized clusters. Their structure and evolution can be
described by the BSP system (1)-(2), neglecting locally
the contraction of the background flow. These clusters
are unstable and they experience gravitational collapse.
They can break into smaller fragments which themselves
break into smaller fragments in a hierarchical manner.
Alternatively, they can undergo a spherically symmet-
ric self-similar collapse up to a Dirac peak. At large
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scales, we can ignore their internal structure and we are
led to a reduced dynamical system of N clusters in in-
teraction. The clusters merge when they come into con-
tact and collapse on each other. Therefore, their mass
increases while their number decreases. This is reminis-
cent of a coarsening process in statistical mechanics or in
2D decaying turbulence. We have given preliminary an-
alytical results valid in the nonlinear regime. A more de-
tailed description of the nonlinear regime requires numer-
ical simulations. This is a problem left for future works.
Throughout our study, we have found interesting analo-
gies with cosmology (in a universe experiencing a “big-
crunch”) [49, 50] and with stellar formation (in a collaps-
ing molecular cloud) [39, 46, 47]. We have shown that the
methods initially devised in astrophysics (Euler-Poisson)
could be extended to a different context (Smoluchowski-
Poisson) leading to interesting new results and applica-
tions. We have also stressed the specificities of our ap-
proach and the differences with the astrophysical stud-
ies. Since the equations (34)-(35) that we have derived
for self-gravitating Brownian particles are simpler than
those used in cosmology and astrophysics (because iner-
tial effects are neglected in our model), these equations
could be used as a valuable prototype to test the theories
that have been developed in other domains to study the
process of self-organization in complex media. We hope
to develop these issues in future works.
Appendix A: Repulsive interactions
It can be of interest to consider the case of Brownian
particles with repulsive interactions (see Ref. [38] for fur-
ther discussions and applications). The basic equations
of the paper remain valid provided that G is replaced
by −G. Considering a spatially homogeneous solution of
the BSP system, as in Sec. II C, we now find that the
sphere expands, instead of contracting, as described in
Ref. [38]. Then, from the results of Sec. III B properly
adapted to this new situation (i.e. making the substitu-
tion G → −G), we find that the homogeneous solution
is always stable since δ˙ < 0 according to Eq. (40). This
is consistent with the observation made in Ref. [38] that
the homogeneous expanding sphere is an “attractor” of
the T = 0 dynamics for large times. Indeed, it is found in
Appendix E of [38] that the inhomogeneous density pro-
files ρ(r, t) converge towards the homogeneous expanding
sphere for t→ +∞.
Appendix B: Cosmological constant
If we introduce a “cosmological constant” Λ in the
Poisson equation (this terminology is abusive here since
we are not dealing with cosmology) and write ∆Φ =
SdGρ − Λ, the equation (22) for the scale factor a(t)
becomes
ξ
da
dt
= −GM
ad−1
+
1
d
Λa. (B1)
A static uniform sphere of density ρb = Λ/SdG and ra-
dius a = (dGM/Λ)1/d is a particular solution of the equa-
tions. To investigate its stability, we set a(t) = a+ δa(t)
where δa(t) is a small perturbation. Substituting this
decomposition in Eq. (B1) and keeping only terms that
are linear in δa(t), we get
ξ
dδa
dt
= Λδa, (B2)
so that the perturbation grows as δa ∝ eΛt/ξ. Therefore,
the static solution is strongly unstable similarly to the
Einstein static universe in cosmology.
Appendix C: Fourier transform of the equations of
motion
In this Appendix, we derive an exact equation for the
Fourier transform of the discrete density contrast δ
(d)
k (t)
directly from the equations of motion of the overdamped
Brownian particles at T = 0. This derivation closely
follows the derivation given by Peebles [49] and Padman-
abhan [50] in cosmology for particles with inertia. At
T = 0, the equations of motion are
ξ
dri
dt
= −∇iΦd, ∆Φd = 4πGρd, (C1)
where ρd(r, t) = m
∑
i δD[r − ri(t)] is the discrete den-
sity field expressed as a sum of Dirac distributions
and Φd(r, t) is the corresponding gravitational potential.
Making the changes of variables (23) and (26), we find
that the equations of motion in the comoving frame are
ξ
dxi
dt
= − 1
a2
∇iφd, ∆φd = SdGρba2δd. (C2)
The discrete density field can be written
1 + δd(x, t) ≡ ρd(x, t)
ρb
=
V
N
∑
i
δD[x− xi(t)]
=
∫
δD[x− xT (t,q)] dq, (C3)
where xT (t,q) is the (Lagrangian) position at time t of
the particle initially located at x = q (the subscript T
stands for “trajectory”). Using Eq. (C3), the Fourier
transform of the density contrast is given by
δ
(d)
k (t) =
∫
e−ik·xT (t,q) dq− (2π)dδD(k). (C4)
Taking the time derivative of this expression and using
Eqs. (C2) and (70), we find that the equation satisfied
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by δ
(d)
k (t) is
ξδ˙
(d)
k = SdGρbδ
(d)
k +
SdGρb
2
∫
δ
(d)
k′ δ
(d)
k−k′
×
[
k · k′
k′2
+
k · (k− k′)
|k− k′|2
]
dk′
(2π)d
. (C5)
This equation has the same form as Eq. (72) with T = 0.
However, its interpretation is different because, in the
present derivation, we have not made the mean field ap-
proximation. Therefore, Eq. (C5) is exact and contains
the same information as Eq. (C2). It is valid for the
Fourier transform of the discrete density contrast δd(x, t)
expressed in terms of Dirac distributions while Eq. (72)
is valid for the Fourier transform of the smooth (locally
averaged) density contrast δ(x, t). Although exact, Eq.
(C5) is not very useful in practice since it is difficult to
deal with Dirac distributions. Indeed, it is easier to di-
rectly integrate the equations of motion (C2) that are
equivalent to Eq. (C5). By contrast, Eq. (72) relies on
a mean field approximation but it applies to a smooth
density field which is more physically relevant.
The discrete density ρd(r, t) and the discrete density
contrast δd(x, t) satisfy equations similar to Eqs. (1) and
(34) with T = 0 constructed with the discrete gravita-
tional potentials Φd(r, t) and φd(x, t). Although these
equations are formally similar, their interpretation is dif-
ferent as explained previously. This is the same distinc-
tion as between the Klimontovich (exact) and the Vlasov
(mean field) equations in plasma physics and stellar dy-
namics. More details can be found in Ref. [86].
Finally, it is possible to include stochastic forces (when
T 6= 0) in the equations of motion. In the inertial frame,
Eq. (C1) is replaced by
dri
dt
= −1
ξ
∇iΦd +
√
2kBT
ξm
Ri(t), (C6)
where Ri(t) is a white noise satisfying 〈Ri(t)〉 = 0 and
〈Rαi (t)Rβj (t′)〉 = δijδαβδ(t − t′). In the comoving frame,
Eq. (C2) is replaced by
dxi
dt
= − 1
ξa2
∇iφd +
√
2kBT
ξma2
Ri(t). (C7)
Following Ref. [86], it is possible to derive exact equa-
tions satisfied by the discrete density field and by the
discrete density contrast. When a mean field approxi-
mation is implemented, we find that the average density
field and the average density contrast satisfy the equa-
tions (1)-(2) and (34)-(35) derived in the main text (in
the isothermal case).
Appendix D: Self-similar solution in physical space
At T = 0, the equation for the density contrast is
ξ
∂δ
∂t
= SdGρbδ(1 + δ) +
1
a2
∇δ · ∇φ, (D1)
∆φ = SdGρbδa
2. (D2)
Measuring the evolution in terms of a rather than in
terms of t, and using Eq. (22), we can rewrite Eq. (D1)
as
a
d
∂δ
∂a
+ δ + δ2 = − 1
SdGρba2
∇δ · ∇φ. (D3)
We consider a solution of the form
δ(x, a) = δ(a)D(x), φ(x, a) = F (a)SdGρba
dQ(x),
(D4)
with
F (a) = a2−dδ(a), ∆Q = D(x). (D5)
Substituting this ansatz in Eq. (D3), we obtain the sep-
arate equations
a
d
dδ
da
+ δ(a) = µδ2(a), (D6)
µD(x) = −D2(x) −∇D · ∇Q. (D7)
These equations are equivalent to Eqs. (85) and (86).
The equation for δ(a) can be solved as in Sec. IVB 2.
On the other hand, combining Eq. (D7) with the Poisson
equation (D5)-b, we find thatD(x) satisfies the nonlinear
differential equation
2∇ ·
( ∇D
∆ lnD
)
+D = 0. (D8)
Appendix E: H-theorem
The free energy associated with the dissipative GPP
system (100)-(101), or equivalently with the dissipative
quantum barotropic Euler-Poisson system (113)-(115),
can be written
F = Θc +ΘQ + U +W +Wext. (E1)
The first two terms correspond to the total kinetic energy
Θ =
Nh¯2
2m
∫
|∇ψ|2 dr. (E2)
Using the Madelung transformation, it can be decom-
posed into the “classical” kinetic energy
Θc =
∫
ρ
u2
2
dr, (E3)
and the “quantum” kinetic energy
ΘQ =
1
m
∫
ρQdr. (E4)
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Substituting Eq. (109) in Eq. (E4), we obtain the equiv-
alent expressions
ΘQ = − h¯
2
2m2
∫ √
ρ∆
√
ρ dr
=
h¯2
2m2
∫
(∇√ρ)2 dr = h¯
2
8m2
∫
(∇ρ)2
ρ
dr. (E5)
The third term is the internal energy
U =
∫
ρ
∫ ρ p(ρ1)
ρ21
dρ1 dr
=
∫
[ρh(ρ)− p(ρ)] dr =
∫
H(ρ) dr, (E6)
where we have used Eq. (112) and integrated by parts to
obtain the second equality. For a polytropic equation of
state p = Kργ , it takes the form
U =
K
γ − 1
∫
ργ dr =
1
γ − 1
∫
p dr. (E7)
In particular, for the potential (127), using Eq. (128), we
get
U =
1
2
g
∫
ρ2 dr =
2πash¯
2
m3
∫
ρ2 dr. (E8)
The fourth term is the gravitational potential energy
W =
1
2
∫
ρΦ dr. (E9)
The fifth term is the external potential energy
Wext =
∫
ρΦext dr. (E10)
For a harmonic potential, Wext = (1/2)ω
2
0I where I
is the moment of inertia (F1). It is easy to establish
[77] that δΘc =
∫
(u2/2)δρ dr +
∫
ρu · δu dr, δΘQ =
(1/m)
∫
Qδρ dr, δU =
∫
h(ρ)δρ dr, δW =
∫
Φδρ dr and
δWext =
∫
Φextδρ dr. Taking the time derivative of F ,
using the previous relations and the hydrodynamic equa-
tions (113)-(115), we easily obtain the H-theorem
F˙ = −ξ
∫
ρu2 dr ≤ 0. (E11)
This result remains valid if u is not a potential flow since
u·(u×(∇×u)) = 0. For a steady state, F˙ = 0. Equation
(E11) implies u = 0 and we recover the condition of
hydrostatic equilibrium (133).
The free energy associated with the quantum BSP sys-
tem (120)-(121) is
F = ΘQ + U +W +Wext. (E12)
Taking the time derivative of F and using the previous
relations, we easily obtain the H-theorem
F˙ = −
∫
1
ξρ
(∇p+ ρ∇Φ+ ρ∇Φext + ρ
m
∇Q)2 dr ≤ 0.
(E13)
It can also be obtained from Eq. (E11), using Eq. (119).
For a steady state, F˙ = 0. Equation (E13) implies that
the term in parenthesis vanishes leading to the condition
of hydrostatic equilibrium (133).
These results indicate that the system will converge
towards a steady state of the dynamical equations that
is a (local) minimum of free energy at fixed mass (the
mass M =
∫
ρ dr is a conserved quantity). Maxima or
saddle points of free energy are unstable. If several local
minima of free energy exist, the selection will depend on
a notion of basin of attraction. We are therefore led to
considering the minimization problem
min
ρ,u
{F [ρ,u] | M} . (E14)
An extremum of free energy at fixed mass is given by the
variational principle δF−αδM = 0 where α is a Lagrange
multiplier taking into account the mass constraint. This
gives u = 0 and the condition
mΦ+mΦext +mh(ρ)− h¯
2
2m
∆
√
ρ√
ρ
= mα. (E15)
This equation is equivalent to the steady state equation
(131) provided that we make the identification
α = E/m. (E16)
This shows that the Lagrange multiplier (chemical poten-
tial) in the constrained minimization problem associated
with (E14) is equal to the eigenenergy E by unit of mass.
On the other hand, considering the second order varia-
tions of free energy, we find that the steady state is stable
iff
δ2F ≡ 1
2
∫
h′(ρ)(δρ)2 dr+
1
2
∫
δρδΦ dr
+
h¯2
8m2
∫ [
∇
(
δρ√
ρ
)]2
dr+
h¯2
8m2
∫
∆
√
ρ
ρ3/2
(δρ)2 dr > 0,
(E17)
for all perturbations that conserve mass:
∫
δρ dr = 0.
Remark: for ξ = 0, the functional F becomes the total
energy Etot. According to Eq. (E11), the total energy
Etot is conserved by the GPP (or quantum barotropic
Euler-Poisson) system. In that context, the minimization
problem (E14) provides a condition of nonlinear dynam-
ical stability for a steady state of the GPP (or quantum
barotropic Euler-Poisson) system [77].
Appendix F: Virial theorem
In this Appendix, we establish the time-dependent
virial theorem associated with the dissipative quantum
barotropic Euler-Poisson system (113)-(115). The mo-
ment of inertia is
I =
∫
ρr2 dr. (F1)
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Taking its time derivative and using the continuity equa-
tion (113), we obtain
I˙ = 2
∫
ρr · u dr. (F2)
With the aid of the continuity equation, the quantum
barotropic Euler equation (114) can be rewritten
∂
∂t
(ρu) +∇(ρu⊗ u)
= −∇p− ρ∇Φ− ρ∇Φext − ρ
m
∇Q− ξρu. (F3)
Taking the time derivative of Eq. (F2), substituting Eq.
(F3), and using integrations by parts, we obtain the time-
dependent virial theorem
1
2
I¨ +
1
2
ξI˙ = 2(Θc +ΘQ) + d
∫
p dr+Wii + Vext. (F4)
For a polytropic equation of state p = Kργ , using Eq.
(E7), we have
∫
p dr = (γ − 1)U . To obtain Eq. (F4),
we have used the following identities. First, it can be
established after a few manipulations (using essentially
integrations by part [77]) that
−
∫
ρ
m
r · ∇Qdr = 2ΘQ. (F5)
On the other hand, we have introduced the virial of the
gravitational force
Wii = −
∫
ρr · ∇Φ dr. (F6)
It can be shown that Wii = (d − 2)W if d 6= 2 and
Wii = −GM2/2 if d = 2 [14]. Finally, we have introduced
the virial of the external force
Vext = −
∫
ρr · ∇Φext dr. (F7)
For a harmonic potential, Vext = −ω20I = −2Wext.
In the strong friction limit ξ → +∞ in which u =
O(1/ξ), the time-dependent virial theorem takes the form
1
2
ξI˙ = 2ΘQ + d
∫
p dr+Wii + Vext. (F8)
It can be directly obtained from the quantum BSP system
(120)-(121).
For a steady state, I˙ = I¨ = 0 and u = 0, we obtain
the equilibrium virial theorem
2ΘQ + d
∫
p dr+Wii + Vext = 0. (F9)
On the other hand, the free energy reduces to F = ΘQ+
U + W + Wext. Finally, multiplying the steady state
equation (132) by ρ/m and integrating over the whole
configuration, we obtain the general identity
2W +
∫
ρh(ρ) dr +Wext +ΘQ = NE. (F10)
For a polytropic equation of state, using Eqs. (125) and
(E7), we find that
∫
ρh(ρ) dr = γU .
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